A mechanism of superconductivity is proposed for the Kondo lattice which has semi-metallic conduction bands with electron and hole Fermi surfaces. At high temperatures, the f electron's localized spins/pseudospins are fluctuating between electron and hole Fermi surfaces to seek for a partner to couple with. This system tries to resolve this frustration at low temperatures and chooses to construct a quantum mechanically entangled state composed of the Kondo singlet with electron surface and that with hole surface, to break the U(1) gauge symmetry. The corresponding order parameter is given by a composite pairing amplitude as a three-body bound states of localized spin/pseudospin, electron and hole. The electromagnetic response is considered, where composite pair itself does not contribute to the Meissner effect, but the induced pair between conduction electrons, which inevitably mixes due to e.g. a band cutoff effect at high energies, carries the superconducting current under the external field. Possible applications to real heavy-electron materials are also discussed.
The mechanism of unconventional superconductivities is an important issue in condensed matter physics [1] [2] [3] in designing a guiding principle to find new superconductors. The superconducting materials range over a broad class of correlated electron materials including cuprates, iron pnictides and organic compounds [4] . Among them, the heavy electron materials with nearly localized f electrons are typical systems showing unconventional superconductivity, and the identification of the mechanisms has still remained open question since the discovery of CeCu 2 Si 2 [1] and UBe 13 [5] in lanthanide-and actinidebased materials. Whereas the recent advanced experiments allow to determine the symmetry or structure of pairing gap functions, the underlying mechanisms have not yet been fully clarified.
Recently, specific heat measurements in a rotational magnetic field have revealed the full-gap nature of the superconducting states in CeCu 2 Si 2 [6] and UBe 13 [7] , in addition to a well known cerium-based s-wave superconductor CeRu 2 [8] . This is in contrast with the conventional notion that the strongly correlated electrons favor a spatially non-local and anisotropic pairing. Hence, it is desirable to identify a new mechanism for full-gap superconductivity that is specific to heavy-electron materials. To this end, we here focus on the physics arising from a semi-metallic band structure having both electron and hole Fermi surfaces. One of the characteristics of the correlated semi-metal is an emergence of excitonic insulator [9] [10] [11] , where the Coulomb interactions reconstruct the electronic states near the Fermi level and form a gap at the Fermi level. Another interesting problem, which is discussed in this paper, is to consider the situation where the semi-metal interacts quantummechanically with magnetic ions through the antiferromagnetic Kondo coupling as illustrated in Fig. 1 .
We show in this paper that the Kondo lattice with semi-metallic conduction bands exhibits a full-gap superconductivity as a consequence of resolution of a frustration associated with the multichannel Kondo effect. Underlying physical picture is the following: at high temperatures electron and hole bands are competing in screening the localized moments (see Fig. 1 ), and at low temperatures they decide to mix the two kinds of Kondo singlet states quantum-mechanically. As a result, the electrons and holes are superposed and superconductivity occurs since the U(1) gauge symmetry is broken. The resultant order parameter is the composite pair amplitude [12] [13] [14] [15] , which has been proposed in the multichannel Kondo/Anderson lattices [16] [17] [18] [19] [20] [21] [22] [23] [24] . A new perspective proposed here is that the stability of this composite pairing is closely related to the semi-metallic conduction bands. The mechanism is also related closely to the concept of frustration. It has been argued that the frustration generates intriguing quantum states out of classically degenerate states. The well-known example is the spin liquid caused by the geometrical frustration in the magnetically interacting systems [25, 26] . In our setup, the frustration arises in the form of the competing screening channels in Kondo systems, which is resolved by utilizing the quantum states, and even realizes the gauge-symmetry broken state.
For theoretical analysis, we take the parabolic dispersion for conduction electrons, which makes the physical picture clear with a pure composite pairing state without conventional one-body pair amplitudes. The electromagnetic response is also considered based on the microscopic Hamiltonian, and the pure composite pair does not directly couple to electromagnetic field in linear response. Instead, with the consideration of lattice regularization (or band cutoff effect) that modifies the parabolic dispersions far away from Fermi surfaces, a usual one-body pair amplitude is secondarily induced and then show electromagnetic linear-response.
We use the following Hamiltonian for the Kondo lattice (KL) with semi-metallic conduction bands (SMCB):
where ψ ασ (r) (ψ † ασ (r)) is the annihilation (creation) operator of electrons at r in conduction band α with spin σ and ξ kα is the one-body energy of the conducting elec-
denotes an effective mass of the conduction electrons: m 1 > 0 (electron) and m 2 < 0 (hole). The chemical potential µ α is introduced for each bands. The condition m 1 µ 1 = m 2 µ 2 is satisfied in compensated metals. K α denotes the centers of electron and hole pockets, and the wave vector summation is taken over the range |k − K α | < k c (denoted by K α ) where k c is a wavevector cutoff. J α is the Kondo coupling. The localized spin operator is given by S(r) = i S i δ(r − R i ) where the f -electron spins S i are localized at the lattice sites R i . σ is a Pauli matrix. Schematic illustration of our model is shown in Fig. 1 .
In the above, we have assumed the Kramers doublet for the f -electron degrees of freedom. On the other hand, for the non-Kramers doublet realized in f 2 configuration of U and Pr ions, which is not necessarily associated with time-reversal symmetry, the localized state is described by a pseudospin T [27, 28] . This pseudospin interacts with semi-metallic conduction bands through the nonmagnetic degrees of freedom α = 1, 2. The simplest interaction takes the form
In this case, the equivalence between σ =↑ and ↓ for conduction electrons is protected by the time-reversal symmetry and the competition arises in forming a Kondo singlet state.Since the mean-field solution is same as the Kramers case [see Supplementary Materials (SM) A], in the following we mainly focus on the Kramers system described by Eq. (1) to simplify the discussion. Now
(color online). Illustration for the band structures in superconducting state. The energy cutoff Ec corresponding to the band width is needed for the electromagnetic response.
we apply the mean-field theory which effectively describe the superconducting state resulting from the superposition of "electron" and "hole" through the multichannel Kondo effect. We first write the localized spin in terms of pseudofermion as S(r) = 1 2
is the annihilation (creation) operator of the felectron and n f is an f -electron density. The mean-fields are introduced as
whereǫ = iσ y is the antisymmetric unit tensor. The mean-fields V and W respectively represent "hybridization" and "pair-condensation" between the pseudofermion and the conduction electrons [17, 21, 29, 30] . Although the mean-fields V and W are introduced asymmetrically with respect to the index α = 1, 2, this situation is related to the fact that the way of introduction of pseudofermions is not unique [29] . Hence, if we consider the physical quantities in terms of the original S, the symmetries between α = 1, 2 and between σ =↑, ↓ are preserved. The nonzero self-consistent solution is obtained when the Kondo coupling is antiferromagnetic (see Eq. (9)). Our pseudofermion approach is justified in the low-temperature limit where the collective Kondo effects are fully activated as in the ordinary Kondo lattice [31, 32] . In this regime, the resonant f -electron level is generated near the Fermi surfaces.
We now show the energy dispersion relation in superconducting state, which is obtained as
for each k ∈ K α . We have defined V α by V 1 = V , and V 2 = W . The solid lines in Fig. 2 show the dispersion relation described by Eq. (5). The singleparticle spectrum has the fully opened energy gap at the Fermi level. In addition, unlike the s-wave superconductor in the Bardeen-Cooper-Schrieffer (BCS) theory, the minimal energy gap is indirect with the amplitude
denotes the energy range in which the conduction electrons are involved into the condensation. This energy gap is reflected in the thermodynamic properties such as a temperature dependence of the specific heat. On the other hand, the direct energy gap shows minimum at the Fermi momentum with its amplitude being 2 |V α | (≫ E gap,α ), and is reflected in the optical conductivity.
Although V and W can be regarded as the order parameters in the effective model, the pseudofermions introduced to describe the low-energy excitations are not real but virtual physical degrees of freedom. Then we need to seek for the other pair amplitude that remains in the original model without considering pseudofermions. For a U(1) symmetry broken state, one naively expects a finite pair amplitude ψ kασ ψ −k,α ′ σ ′ for the conduction electrons. However, with the present effective low-energy Hamiltonian, any pair amplitude composed of conduction electrons becomes zero. This is due to the separation of the regions K 1 and K 2 in our model. Instead, the composite pair amplitude is the appropriate order parameter, which is given by
where the function F α behaves as
See SM B for derivation. Here ρ α (0) is the density of states of the conduction electron at the Fermi level. k Fα = √ 2m α µ α / stands for the Fermi momentum for each band. ξ α represents the coherence length defined by ξ α = |µ α | /k Fα |V α |, which is determined by the energy scale of |V α |. Since E gap,α ≪ |V α |, the coherence length becomes much shorter than that expected by the amplitude of the energy gap. This is due to the nearly localized nature of the composite pairs involving the f -electron.
The composite pair amplitude Φ(R, r, r ′ ) depends on the relative coordinates r − R and r ′ − R measured from the position of the localized spin, whereas it does not depend on that between conduction electrons, r − r ′ . This nature reflects the superposition between the electronKondo singlet and the hole-Kondo singlet and not a simple pair-condensation of conduction electrons. We have thus demonstrated that the composite pair amplitude is generated in the SMCB-KL. We also comment on the relation between composite pair and odd-frequency pairing. The composite order parameter has been discussed in the context of the odd-frequency superconductor to date [12] [13] [14] . However, our result shows that, as long as the low-energy property is concerned, there is no pair amplitude between conduction electrons. In this sense, the composite order parameter does not directly mean the presence of odd-frequency pairing. This point can be clarified with our effective model in Eq. (1) .
The values of mean-fields can be determined by solving the self-consistent equations given as follows:
where f (x) = 1/(e βx + 1) is the Fermi-Dirac distribution function and Ω is a volume of the system. The critical temperature T c,α can be obtained for each mean fields from the above self-consistent equation as
where γ is the Euler constant and the prefactor is 2e γ /π ≃ 1.13. There is also the relation k B T c,α ∝ E gap,α , where the coefficient is order of unity but is still dependent on the parameters such as D α and µ α due to the magnitude relation D α ∼ |µ α |. See SM C for more details. Since only the Kondo effect is involved in our theory, the appearance of the Kondo gap is natural as the characteristic energy scale, but it is much reduced from that in the usual heavy electrons because of a small density of states in semimetals. For a rough estimation, we use the expression T K = D exp(−1/λ) where D is a half bandwidth and λ is a density of states at Fermi level multiplied with the Kondo coupling. If we take the bandwidth 2D = 10 4 K and λ = 0.3, we get T K ≃ 180K. For SMCB, λ is smaller and we get T K ≃ 0.2K when we choose λ = 0.1. We also examine the thermodynamic stability of the present ordered state in the lowtemperature limit, and obtain the following free energy density
, where F 0 (T ) denotes the component in the normal state. Therefore, the composite pair amplitude contributes to the energylowering in the low-temperature limit.
The energy scales of the critical temperature should be considered separately for the Kramers case and the nonKramers case. In general, the electron and hole bands can be asymmetric, and then T c,1 is different from T c,2 in the Kramers case. Since the self-consistent equations for T c,1 and T c,2 are independent in the low-energy effective model, the superconducting critical temperature is estimated by T c ∼ min(T c,1 , T c,2 ). The larger value of T c,α is regarded as a crossover scale for the single-channel Kondo effect. For a non-Kramers doublet system, on the other hand, the equivalence of the channels is protected by the time-reversal symmetry, thus only one energy scale appears for T c .
So far, we have considered only the degrees of freedom near the Fermi level, and concluded the presence of composite pair amplitude in Eq. (6) and the absence of the conventional Cooper pairs. However, with this situation, the composite pairs are not carried by the external field which acts only on the conduction electrons. The Meissner effect is then absent. Hence we need to consider the secondarily induced pair amplitude among the conduction electrons for the electromagnetic response. The property of this induced pair amplitude depends on the detail of the high-energy region and is specific to the material details. As one of the origins, we consider the finite cut-off of the energy dispersion at high energy E c (∼ D 1 , D 2 ) (see Fig. 2 ). We note that the regions K 1 and K 2 now overlap with each other. This is regarded as a lattice-regularization for the energy dispersion. The contribution from the high-energy region can be included perturbatively by expanding the physical quantities as a series of the orders of E 
The coherence length ξ c for this induced Cooper pair is ξ c = max{ξ 1 , ξ 2 } which is the same order of magnitude as that for the composite pairs in Eq. (6). Electromagnetic response functions can be calculated based on the Kubo formula [33] . Within the linear response of the vector potential A(q), which is applied on the conduction electrons, we can write the total current as j µ tot = − ν K µν A ν . The introduced kernel is separated into two terms as K µν = K d µν + K p µν , which describes diamagnetic and paramagnetic contributions, respectively. Each term is given as
The paramagnetic current operatorĵ p µ is defined aŝ
where e < 0 denotes the charge of the electron and v kα = −1 ∂ k ε kα is the velocity. We note that the energy ε kα represents the tight-binding band and includes the highenergy part shown in Fig. 2 .
We neglect the vertex correction for the current correlation function as in the dynamical mean-field theory which is exact in infinite dimensions and is regarded as a good approximation for three dimensions [34, 35] . Then the leading-order contribution to the response function is diagramatically shown in Fig. 3 . At zero temperature, the electromagnetic kernel is evaluated as
where n α is the particle number of the electron (α = 1) and the hole (α = 2).m α (∼ −m α ) denotes the effective mass ε kᾱ with k ∈ K α (hereᾱ is the complementary component of α such as1 = 2). See SM E for the detailed derivation. The magnitude of the kernel is smaller than the usual BCS superconductors by the factor of (|V α |/E c ) 2 . Hence, the superconducting state has a large magnetic penetration depth reflecting the small Cooper pair amplitude ψ kασ ψ −k,α ′ σ ′ . This is because both K p and K d have the finite and almost the same amplitudes at zero temperature. Therefore, the cancelation between them occurs, and the situation is similar to that for the normal Kondo insulator. In the presence of the induced pair amplitude, however, the paramagnetic (diamagnetic) term slightly decreases (increases). The remaining contribution, which is the order of E −2 c , plays a role of the superconducting current (See SM E). In this way, although the induced pair amplitude does not contribute to the condensation energy as we mentioned in the previous section, it plays an essential role for the electromagnetic response expected in the superconducting state.
In this paper we have established the mechanism for the full-gap superconductivity characteristic for the semimetals along with the localized spin/pseudospins. We here comment on the consideration of some competing orders. In the correlated semi-metals, excitonic insulator states [9] [10] [11] or metallic CDWs [36] would compete with the present mechanism of superconductivity. While such instabilities arise only when the conduction bands have a nesting of the Fermi surface, the present mechanism works when there are the semi-metallic conduction bands regardless of the details of Fermi surfaces.
Finally, let us discuss the candidate materials of the present superconducting state. We propose the two relevant materials UBe 13 [5] and PrIr 2 Zn 20 [37] . For UBe 13 , the system undergoes a phase transition into unconven-tional superconductivity from a non-Fermi liquid state, and the multi-channel Kondo effect has been suspected as a cause [27, 28] . We speculate that UBe 13 can be a candidate material for our scenario based on the following two reasonable assumptions. First, as seen from its chemical composition, the number of Be inside the unit-cell is much larger than the magnetic uranium ion. Therefore, the presence of the uranium atom does not affect much the conduction band structure. Second, the electronic structure of Be in the atomic limit is partially filled L-shell, which is composed of fully filled 2s-orbital and empty 2p-orbital. In a crystal environment, the sband and the p-band resulting from the inter-berylium hopping bury the atomic gap and the semi-metallic conduction bands are formed. Indeed, the electronic structures of the elemental substance of Be has a semi-metallic character [38, 39] . Hence, UBe 13 can be regarded as the embedded magnetic U atom in the sea of the electrons which have electron and hole conduction bands. Thus the SMCB-KL considered in this paper can be realized in this material.
As for Pr-based materials, PrIr 2 Zn 20 , shows a peculiar superconductivity with the multi-channel Kondo behavior [37, 40] , can also be regarded as the promising candidate material for the SMCB-KL, since the Zn has the fully-filled 3d and 4s orbitals and an energy gap is needed to locate an additional electron in higher-energy 4p orbital. Indeed the elemental substance of Zn shows semi-metallic character [41, 42] . In addition, the number of Zn is much larger than that of Pr. Hence the situation is close to UBe 13 , and the formation of the SMCB-KL is expected. Further studies such as realistic band calculations combined with electronic correlation effects are needed to establish the actual realization of our proposal in real materials, which are left as interesting future issues. In addition to these compounds, the idea of the SMCB-KL can be applied to a wider class of materials with the semi-metallic conduction bands plus localized moments, and gives a general guiding principle to find unconventional superconductors.
We introduce the following mean-fields,Ṽ
The resultant mean-field Hamiltonian is equivalent to the Kramers case.
Validity of mean-field theory
We comment on the validity of our mean-field approach to the Kondo lattice with semi-metallic conduction bands. For a typical heavy-electron system, the localized moments of f electrons at high temperatures crossover to the heavyelectron state at low temperatures by a collective Kondo effect. It is recognized that the mean-field approximation, which we have used in our paper, changes the crossover into the transition, which is an artifact of the approximation. On the other hand, the ground state with heavy electrons is correctly reproduced by the mean-field theory, and the transition temperature predicts the crossover energy scale obtained in the more accurate method. For example, the comparison has been done in the study of two-dimensional Kondo lattice [1] .
The justification for the use of the mean-field theory has been demonstrated also in the two-channel Kondo lattice models. The dynamical mean-field theory, which takes full account of local electronic correlation necessary for the Kondo effects, has revealed several nontrivial ordered phases including unconventional superconductivity [2, 3] . These results are reasonably reproduced by the mean-field theory as demonstrated in Ref. [4] . In the present work, we apply this established method to the Kondo lattice problem with semi-metallic conduction bands.
SM B. COMPOSITE ORDER PARAMETER AND CORRELATION
In this section, we evaluate the composite pair amplitude, which is defined in Eq. (6) . It can be rewritten in the mean-field theory as follows,
where F 1σ (r) and F 2σσ ′ (r) are defined respectively as,
In the low-temperature limit, F 1σ (r) and F 2σσ ′ (r) can be rewritten as follows,
Therefore, we obtain the composite pair amplitude given in Eq. (6).
We derive the behavior of F α (r) given in Eqs. (7) and (8) below. First, we integrate the angular valuables since the energy dispersion is isotropic around K α . Then, F α (r) is rewritten as follows.
where
/Ω represents the density of states (DOS) of the bare conduction electrons. Hereafter, we use the constant DOS for ρ α (ǫ) to simplify the following calculations.
At r = 0, F α (0) is rewritten as,
On the other hand, we can obtain the following representation for |r| → ∞.
where we have used
is a zeroth-modified Bessel function of the second kind, and is given by
SM C. SELF-CONSISTENT EQUATIONS FOR MEAN-FIELDS
In this section, we derive the self-consistent equation for the effective mean-fields V and W . Then, the mean-field equations in Eqs. 
Now, we derive the critical temperature T c,α for the mean-field V α . At the critical temperature, the amplitude of the mean-field becomes 0, and the self-consistent equation is rewritten as follows,
The integration is similar to that appears in the BCS theory. Thus we can obtain the critical temperature in Eq. (10) . On the other hand, since the self-consistent equation is rewritten as 1 ≃ (3J α /4)F α (0) at zero temperature, we obtain the amplitude of the mean-field as,
From above, the ratio between T c,α and the amplitude of the energy gap E gap,α = |V α | 2 /|µ α | + |V α | 2 /D α at zero temperature is given by,
In the above calculations, we have used the constant DOS for simplicity. Once the energy dependence of the DOS is considered, the constant in Eq. (10) is modified from 1.13. This is due to the fact that the Fermi energy µ α and energy range D α have same orders of magnitude. In contrast, for BCS superconductors, the energy scales of Fermi energy and Debye frequency are much separated, so the prefactor in the expression of T c is universal.
SM D. INDUCED PAIR AMPLITUDE
Now, we consider the band cut-off at the high-energy E c , which is regarded as a lattice-regularization. If E c is finite, the anomalous part of the electron Green's functionF
iωnτ , where ω n = (2n + 1)π/β is fermionic Matsubara frequency is given as follows,
whereD(z) is a function of a complex number z. It is defined asD(z) = zy 1 y 2 −|V | 2 y 2 −|W | 2 y 1 , where y α = z −s α ξ kα . When k ∈ K α , |ξ kᾱ | is replaced with E c (≫ |ξ kα |, |V |, |W |), andF αα ′ k,σσ ′ (iω n ) is rewritten as follows,
with
where F e k (iω n ) and F o k (iω n ) are even and odd with respect to the Matsubara frequency, respectively.
SM E. MEISSNER RESPONSE
In this section, we consider the electromagnetic response in the superconducting state. Generally, we can rewrite the electromagnetic kernel in terms of the Green's function as follows,
